This paper considers a dependent insurance risk model. We assume that the inter-arrival time depends on the previous claim size through a deterministic threshold structure. Adjustment coefficient and Lundberg type upper bound for the ruin probability are obtained. In case of exponential claim size, an explicit solution for the ruin probability is obtained by solving a system of ordinary delay differential equations. Some numerical results are included for illustration purposes.
Introduction
Insurance risk models with dependent structure have become an important research area in actuarial science, and more and more researchers are interested in this topic nowadays. In the classical insurance risk model, the assumptions that the successive claims are independent and identically distributed (i.i.d.), and that the number of claims follows a Poisson or renewal process seem too restrictive. The claim frequencies and severities for automobile insurance and life insurance are not altogether independent. Different models have been proposed to relax such restrictions. The simplest dependence model is the discrete time autoregressive model in the standard text book Bowers et al. (1997) . For a detailed discussion on the dependent insurance risk models, we refer the readers to the papers by Dhaene and Denuit (1999) , Dhaene and Goovaverts (1996) and Dhaene et al. (2002a Dhaene et al. ( , 2002b ) and the references therein.
Albrecher and Boxma (2004) consider a ruin model with a dependent setting, where an inter-arrival time depends on the previous claim size with a random threshold.
In their paper, they derive the Laplace transform of the ultimate ruin probability.
They use a system of simultaneous equations to find the value of the ultimate ruin probability when the initial surplus is zero. By inverting the Laplace transform, theoretically it is possible to obtain the ultimate ruin probability. However, in general, it is not possible to obtain an explicit solution of the inversion of the Laplace transform.
In this paper, we consider a similar model to that in Albrecher and Boxma (2004) , but a fixed threshold. We define the adjustment coefficient for this model and obtain the Lundberg type upper bound for the ruin probability. When the claim size follows an exponential distribution, by solving a system of delay differential equations, an explicit solution for the ruin probability is obtained. Some numerical examples are presented in the last section.
The Insurance Risk Model
In the model discussed in Albrecher and Boxma (2004) , the distribution of interarrival time depends on the previous claim size. Let X k be the size of the k-th claim, T k be the inter-arrival time between the (k-1)-th claim and the k-th claim.
If X k−1 is less than a threshold level a, then T k follows an exponential distribution with parameter β 1 . Otherwise, it follows an exponential distribution with different parameter β 2 . Albrecher and Boxma (2004) assume that the threshold level a is an exponential distributed random variable. In this paper, we assume that a is a constant.
We assume that claim sizes are i.i.d. with common mean µ. Let U t (u) be the surplus process at time t given the initial surplus u, then we have
k=1 X k and c is a constant premium rate. In our model, if
Let us assume the following net profit condition is satisfied:
Let T = inf t≥0 {t : U t (u) < 0} be the time of ruin, then φ i (u) = P {T = ∞|U (0) = u, T 1 ∼ exp(β i )} and ψ i (u) = 1 − φ i (u) are the ultimate survival probability and the ultimate ruin probability given the first claim occurs according to the exponential distribution with parameters β i , (i = 1, 2), respectively.
The following results are the same as in Albrecher and Boxma (2004) , which provide the integro-differential equation and the Laplace transform of the ultimate ruin probability.
Lemma 2.1 Let f (x) be the density function of the claim size random variable. The ultimate survival probability φ i (u) (i = 1, 2) satisfies the following integro-differential equation:
Lemma 2.2 Let φ i (s) be the Laplace transform of φ i (u) (i = 1, 2). Define:
Then,
and,
The initial values φ 1 (0) and φ 2 (0) can be obtained by solving the following system of simultaneous equations:
where σ is a unique root with positive real part satisfying
Using φ 1 (0) and φ 2 (0) together with (2) and (3), φ 1 (s) and φ 2 (s) can be completely determined. Theoretically φ 1 (u) and φ 2 (u) can be obtained by inverting the Laplace transforms.
Adjustment Coefficient and Lundberg Inequality
In this section, we define the adjustment coefficient and derive the Lundberg type upper bound for ruin probability in our model. Proof
It is obvious that g(0) = 1.
The first derivative of g(r) at 0 is
where the last inequality is due to the net profit condition. Moreover, g(r) → ∞ as
With the adjustment coefficient defined, Lundberg's Inequality can be obtained as follows:
where R is the adjustment coefficient.
Proof Let S n be a random walk with identical and independent increments Y k = X k − cT k+1 . Then the classical technique of changing measure can be applied to our model too. By a similar argument to that in Asmussen (2000), and defining a new probability measure by P L (A) = E[e RSn ; A], we have
where ξ(u) is the first overshoot amount.
Exponential Claim Size Distribution
Suppose the distribution of claim size follows an exponential distribution, i.e. F (x) = 1 − e −λx . It can be seen that to obtain the explicit solution for the ultimate ruin probability is difficult from inverting the Laplace transform in this model. In order to have some insight into the dynamic behaviour of the ultimate ruin probability, we derive the differential equation satisfied by the ruin probability.
Coupled System of Second Order Linear Delay Differential Equations
This section obtains the following system of delay ODEs for the ruin probability.
Theorem 4.1 ψ 1 (u) and ψ 2 (u) satisfy the following coupled systems of second order linear delay differential equations:
and
Proof From (1), since the equation depends on whether u is less or greater than the threshold a, we break down the proof into 2 cases:
Changing the variable by x = u − y, we have
Differentiating both sides with respect to u, we have
λ× (8)+ (9), we obtain
therefore, the first equation in (7) is proved.
Using similar arguments, we can show that, for u ≤ a, ψ 2 (u) satisfies the second equation in (7).
Case 2: u > a: In this case, (1) becomes
Differentiating both sides with respect to u, we obtain
λ × (10)+(11), we have
From this the first equation in (6) is proved.
Similarly, we can show that, for u > a, ψ 2 (u) satisfies the second equation in (6) .
This completes the proof of Theorem 4.1.
Explicit Solution
In this subsection, we derive the explicit expression for the ruin probability by solving (6) and (7) in Section 4.1. In order to do so, the coupled second order linear delay differential equations (6) and (7) should be transformed to systems of first order linear delay differential equation by proper substitutions as follows:
Define:
Then (6) and (7) is equivalent to the following first order linear delay differential equations:
For u ≤ a, the second equation in (12) is a system of ordinary differential equations.
The solution is:
where,
with ψ 1 (0) and ψ 2 (0) found by the method described in Section 2.
So the system (12) can be reformulated as:
It is well-known that the solution of the above system exists and is unique (see Driver, 1977) . In general, the explicit form of the solution of a delay differential equation
is not easy to obtain. Numerical methods such as Runge-Kutta methods for delay differential equations can be applied to obtain approximated values of the solution (see Bellen and Zennaro, 2003) . Thanks to Tsoi (1975) , for equations like (13), the explicit solution can be found.
Substituting y( u a − 1) = x(u) and t = u a − 1, the system (13) can be converted into the following form:
From Tsoi (1975) , the solution of the system (14) is given by:
where Y(t) is a fundamental matrix expressed in the form:
where P k j satisfies a recursive equation of the form:
with
Finally, x(u) can be calculated from x(u) = y( u a − 1).
Numerical Illustration
In this section we provide a numerical illustration. The following values are used: 
The following tables show the numerical results of the ruin probability obtained using the three methods mentioned above.
From the above tables, we can see that ψ 1 (u) > ψ 2 (u). Intuitively this is obvious, To investigate the extension of the results in this paper to the case of more general claim sizes is an interesting further research problem. It is possible to obtain similar results, but the problem becomes very complex since the number of independent equations becomes large if we replace the exponential distribution by a hyper-exponential
